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Abstract.
The sensitivity of the stability of the ideal n = 1 internal kink mode is analysed both
analytically and numerically in rotating tokamak plasmas. These stability analyses
have been carried out including the centrifugal eﬀects of toroidal plasma rotation upon
the equilibrium, and also inconsistently when the equilibrium is treated as static. The
plasma stability is partially (consistent equilibrium) or wholly (inconsistent treatment)
determined by the radial proﬁles of the plasma density and rotation velocity. It is found
that the internal kink mode stability is strongly inﬂuenced by small variations in these
plasma proﬁles. Indeed, modest perturbations to the proﬁles inside the q = 1 surface
of only a few percent can result in a stabilising eﬀect upon the kink mode with respect
to the static mode growth rate becoming a destabilising eﬀect at the same rotation
amplitude, or vice versa. The implications of this extreme sensitivity are discussed,
with particular reference to experimental data from MAST.
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1. Introduction
Modern-day tokamaks heated by neutral beam injection (NBI) can rotate toroidally at a
signiﬁcant fraction of the Alfvén speed [1–4]. It has been shown that such strong toroidal
rotation can ameliorate or suppress many magnetohydrodynamic (MHD) instabilities,
resulting in signiﬁcantly improved plasma performance. For instance, resistive wall
modes can be stabilised by suﬃciently fast toroidal rotation [4–9]; ballooning modes are
stabilised by sheared toroidal ﬂows [10–14] leading to a change in edge localised mode
behaviour [14–18]; the internal kink mode is stabilised by rotation [19, 20] resulting in
a modiﬁcation of the sawtooth behaviour [21–23] and quasi-interchange modes [24, 25]
and infernal modes [26] can also be stabilised by plasma ﬂows. Thus it is of considerable
interest, ﬁrstly, to understand how toroidal rotation aﬀects MHD instabilities and,
secondly, to be able to model this stabilisation in order to optimise plasma operational
scenarios and make predictions for ITER and other next-step devices.
In current tokamaks, the strong toroidal plasma rotation is usually provided by
the external momentum input from neutral beam injection [3]. However, due to a
combination of the large plasma volume with respect to NBI power, the high plasma
density and the limitations of beam current, it is anticipated that ITER [27] and future
fusion reactors will rotate at a much slower speed. Thus, it is of critical importance
to assess whether the toroidal rotation in current devices plays a key role in MHD
stability, which may then be absent in ITER. The role of rotation is also of paramount
importance in spherical tokamaks (STs), where toroidal ﬂows can be especially large
due to the small plasma volume per unit of NBI power and low moment of inertia
of the plasma. Indeed, it is understood that high-β operation of NSTX is achieved
partially through the rotational stabilisation of MHD instabilities [26,28]. Furthermore,
the design of future STs, such as the Component Test Facility (ST-CTF) [29–31] are
predicated upon the stabilising eﬀects of strong toroidal rotation. Consequently, it is
vital to assess not only the impact of toroidal ﬂow on MHD stability, but also the plasma
parameters under which (de)stabilisation occurs.
In recent years many MHD stability codes have been extended to include the eﬀects
of rotation in order to make an assessment of the stabilising role of toroidal ﬂows. MarsF [32], Elite [33], Mishka-F [34] and Minerva [35], amongst others, have been used
to study the eﬀect of rotation on the stability of RWMs [32, 36], ELMs [15, 33] and
sawteeth [34, 37, 38]. In all of these codes, the ﬂow is not included self-consistently
in the equilibrium, but only perturbatively in the stability analyses. However, there
are some stability codes that do treat the equilibrium ﬂow self-consistently: Flos [40]
which uses a ﬂowing equilibrium from the Flow code [41], the Phoenix code [42] which
couples to the equilibrium code Finesse [43], the Castor-Flow code [44] which uses
an equilibrium derived from the Diva code [45] and the M3D code [37].
In reference [39] we discuss the applicability of using a non-consistent treatment of
the plasma rotation only in the stability analysis and not in the equilibrium formulation.
Whilst this can be a valid approximation, particularly at very sub-Alfvénic rotation
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velocities, it can also lead to signiﬁcantly misleading, or even erroneous results. In this
paper we concentrate on the sensitivity of proﬁle variation in determining MHD stability
in a rotating plasma. In section 2 the eﬀect of plasma ﬂow on the n = 1 internal kink
mode is assessed for diﬀerent equilibrium proﬁles with both a consistent and inconsistent
treatment. Section 3 shows that small changes in the equilibrium proﬁles can result in a
very signiﬁcant change in the stability of the kink mode in ﬂowing plasmas. This could
be of great signiﬁcance for the optimisation of plasma operational scenarios to enhance
rotational stabilisation. The stability of the internal kink in MAST plasmas is analysed
in section 4 and the sensitivity of the results to perturbations in the equilibrium proﬁles
is assessed. Finally, the implications of these results are discussed in section 5.
2. Eﬀect of Equilibrium Proﬁles on Kink Mode Stability Using Consistent
and Inconsistent Treatments
The stability of the n = 1 internal kink mode can be signiﬁcantly inﬂuenced by toroidal
plasma rotation [19–21, 39]. It is clear from reference [39] that the proﬁles of the
plasma density and rotation play a strong role in determining the mode stability. In
order to investigate how variation in plasma proﬁles aﬀects MHD stability we compare
predictions from a large aspect-ratio analytical theory with full toroidal numerical
analyses. The Castor-Flow code [44], which includes the centrifugal eﬀects on the
plasma equilibrium, and the Mishka-F code [34], which treats the equilibrium ﬂow only
in the perturbation analysis, have both been employed to study how plasma ﬂow aﬀects
the n = 1 kink mode. Since both codes have been derived from the Castor ideal MHD
stability code [46, 47], any diﬀerences observed are resultant from the treatment of the
equilibrium ﬂow rather than from the numerical formulation of the eigenvalue solvers.
The sensitivity of the rotational stabilisation to variations in the plasma proﬁles
has also been analysed using a large aspect ratio expansion of the compressible
magnetohydrodynamic equations including equilibrium ﬂows. The pressure, and also
the density, proﬁles are taken such that


ρ(r, θ)
σ1 ρΩ2 (R2 − R02 )
p(r, θ)
=
= exp
(1)
p0 (r)
ρ0 (r)
2p

2μ0 R02 q 2  r 2 d
(p0 + σ2 M2 p0 )dr
r
(2)
B02 r4 0
dr
where p, ρ, Ω are the plasma pressure, density and rotation frequency respectively,
σ1 , σ2 = 0, 1, R and r are the plasma major and minor radius respectively,
 B0 is the
toroidal ﬁeld at the magnetic axis and M is the sonic Mach number, M = ρΩ2 R02 /2p0 .
The equilibrium plasma ﬂow is included self-consistently when σ1 = σ2 = 1. When
σ1 = 0, the tangential gradients of the density and pressure on the ﬂux surfaces
are neglected, whereas σ2 = 0 neglects the ancillary Shafranov shift induced by the
centrifugal force. Following the detailed analysis given in reference [39], the growth rate
of the n = 1 internal kink mode in ﬂowing plasmas is given by
βp = −

γ=



2
γ02 − ωGAM

(3)
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where
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(5)
3
Γ
Γ is the adiabatic index, ωA is the Alfvénic frequency ωA2 = B02 /μ0 ρ0 R02 , s1 is the
magnetic shear at the q = 1 surface, s = r/q dq/dr and
2
ωGAM

δ Ŵ = δ ŴBussac + δ ŴRot1 + δ ŴRot2

(6)

The ﬂuid drive, as calculated in reference [48], has been extended in accordance with
reference [49] as
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2
whilst the contributions arising in the presence of toroidal rotation are [39]
δ ŴRot1 =
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(9)

where Ω̂ = Ω(0)/ωA (0) = V0 /VA , the density and rotation proﬁles are assumed to be
parabolic,


Ω(r) = Ω(0) 1 −


ρ(r) = ρ(0) 1 −

r2
2 2
Ω R0
r2
2 R2
ρ 0

(10)
(11)

and the proﬁle length scales are deﬁned as ρ = rρ /R0 and Ω = rΩ /R0 . Equation 7 is
strictly only valid in the limit of small Δq. It is evident from the presence of the ρ and
ω terms in equations 8 and 9 that the details of the density and rotation proﬁle can
inﬂuence the stability of the internal kink mode in ﬂowing plasmas.
When the centrifugal eﬀects on the equilibrium are neglected, which is to say that
σ1 = 0 in equation 1 and σ2 = 0 in equation 9, the dominant eﬀect of rotation on the
stability of the plasma arises from the radial proﬁles of the plasma density and rotation.
When the ﬂow eﬀects are included in the equilibrium, the proﬁle eﬀects remain, but
an additional stabilisation appears due to the coupling of the kink mode with the lowfrequency geodesic acoustic mode (GAM) [50]. This mechanism depends solely on the
rotation at the q = 1 radius. Reference [39] analyses the applicability of the inconsistent
treatment of the equilibrium ﬂow and the conditions under which the agreement with the
consistent treatment is satisfactory. Here, we are interested in how the plasma proﬁles
aﬀect the kink mode stability in both the consistent and inconsistent treatments.
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In order to investigate this eﬀect we have employed a simple model equilibrium
with a pressure proﬁle given by
p(r) = p(0)(1 −

r2
)
rp2

(12)

where rp is a constant. The plasma has a circular boundary, an inverse aspect ratio
2
a = 0.1, poloidal beta βp = 0.3 and central beta β0 = 2μ0 p0 /B0 = 0.66%. The safety
factor on-axis is q0 = 0.938, and r1 = 0.3a. The equilibrium is unstable to the ideal
n = 1 internal kink mode. The stability of this equilibrium to the internal kink mode
is tested with respect to toroidal rotation for four diﬀerent combinations of density and
ﬂow proﬁles, such that
⎧
⎪
⎨ ρ(0)


ρ(r) =
r2
⎪
⎩ ρ(0) 1 − 2
rρ

⎧
⎪
⎨ Ω(0)


Ω(r) =
r2
⎪
⎩ Ω(0) 1 − 2
rΩ

Flat Density
Parabolic Density

(13)

Flat Rotation
Parabolic Rotation

(14)

For each of these combinations of proﬁles, together with a parabolic pressure proﬁle,
the n = 1 mode growth rate has been found analytically according to equation 4 and
numerically using both Mishka-F and Castor-Flow. The inconsistent treatment
employs a static equilibrium generated by the ﬁxed boundary Helena code [51],
whereas the consistent treatment with the Castor-Flow code employs the freeboundary equilibrium code Diva [45] to generate an equilibrium that includes the
strong toroidal rotation. By increasing the toroidal rotation systematically in both
the equilibrium calculation and the perturbation analysis, the toroidal ﬂow required to
marginally stabilise the n = 1 internal kink mode can be calculated and compared to
the result from the non-self-consistent Mishka-F analysis. The growth rate arising
from the two calculations in the static case diﬀers marginally because of the diﬀerence
between the free- and ﬁxed-boundary equilibria. The Helena code is constrained to the
circular plasma shape, whereas the Diva code takes as input the currents in the poloidal
ﬁeld coils and calculates the resultant plasma conﬁguration. Consequently, there is an
imperceptible diﬀerence in the plasma shape which results in a very small diﬀerence in
the static growth rate. Care was taken to match the static q-proﬁles, in particular the
radial location of the q = 1 surface, arising from the two equilibrium codes.
Figure 1 shows the growth rate of the n = 1 kink mode with respect to the toroidal
ﬂow at the magnetic axis for each of the four combinations of plasma proﬁles when the
equilibrium ﬂow is treated self-consistently. It is clear that variation in the proﬁles has
a signiﬁcant eﬀect on the mode stability, due to a strong eﬀect from GAM coupling [39].
When the plasma rotation is ﬂat and the density is parabolic the toroidal ﬂow required
for marginal stability increases by ∼ 30% compared with a plasma with ﬂat density
and parabolic ﬂow. Since it is the gradient of the proﬁles in the region of q = 1 that is
important, the concept of both ﬂat and parabolic proﬁles is highly plausible. Thus, it is

Internal Kink Mode Stability and Proﬁle Variation in Rotating Plasmas

6

evident that the rotational stabilisation of the mode is reliant upon the precise plasma
proﬁles. This sensitivity to the proﬁles is substantially increased if an inconsistent
treatment of the equilibrium ﬂow is employed. Figure 2 again shows the growth rate of
the kink mode as a function of the toroidal rotation on axis for the four combinations
of plasma proﬁles when the equilibrium rotation is only included inconsistently in the
stability analysis. It is clear that the proﬁles play a key role in determining kink mode
stability when an inconsistent ﬂow analysis is performed. For instance, assuming a
parabolic ﬂow proﬁle, then changing the density proﬁle from ﬂat to parabolic results
in a rotationally-stabilised mode (at V0 = 0.01VA ) becoming strongly unstable. This
situation could be envisaged in tokamak plasmas as the density proﬁle peaks during
the discharge evolution [52, 53]. Whilst this inconsistent analysis is clearly not valid
for certain plasma proﬁles, particularly at large toroidal rotation velocities [39], such
approximations are still employed in many numerical studies [32–35]. When toroidal
ﬂow is neglected from the equilibrium it is particularly important to consider variations
in the plasma proﬁles, since the stability of the kink mode can be highly sensitive to such
perturbations. The ﬁnal thing to note is the excellent agreement between the numerical
results and the analytical predictions from equation 4. Whilst such accordance is not
anticipated at smaller aspect-ratio, the qualitative behaviour is expected to agree.
In order to test this, the eﬀect of proﬁle variation on the stability of the n = 1 kink
mode has also been tested for a realistic tokamak aspect ratio. Once again, a simple
equilibrium with a pressure proﬁle given by equation 12 is employed. The plasma has a
circular boundary, an inverse aspect ratio a = 0.3, poloidal beta βp = 0.3 and central
beta β0 = 2μ0 p0 /B02 = 5.6%. The safety factor on-axis remains as q0 = 0.938, and
r1 = 0.3a. The growth rate of the mode with respect to toroidal rotation is illustrated
in ﬁgures 3 and 4 for the consistent and inconsistent treatment respectively. Again, it
is clear that the stability of the kink mode is very dependent upon the plasma proﬁles,
particularly in the inconsistent case. Whilst there is not perfect agreement between
the numerical results using full toroidal geometry and the analytical predictions using
large aspect-ratio approximations, the qualitative behaviour agrees well. When the
equilibrium ﬂow is treated consistently, variation in the proﬁles at the q = 1 surface
such that an equilibrium with parabolic ﬂow and ﬂat density is perturbed to have ﬂat
rotation and parabolic density results in the toroidal rotation required to stabilise the
n = 1 mode increasing by more than a factor of two. Similarly, if the equilibrium ﬂow is
treated inconsistently, the same change in proﬁles results in a strongly stabilised mode
being driven very unstable.
It is also of interest to consider the eﬀect of proﬁle variation upon the stability
of the kink mode in a plasma with a lower central safety-factor, as often observed
experimentally in tokamaks. Figure 5 shows the growth rate of the mode as a function of
rotation for a circular plasma, with an inverse aspect ratio a = 0.3, q0 = 0.75, poloidal
beta βp = 0.3 and central beta β0 = 2μ0 p0 /B02 = 5.6%. Again, there is qualitative
agreement between the analytic curves and the numerical computation, though the
quantitative comparison is degraded at high βp since the analytic approximations
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become less rigorous. Nonetheless, it should be noted that in both theory and simulation,
there exists a regime where increasing the sheared rotation – present in the parabolic ﬂow
curves – drives the mode more unstable initially. This is in contrast to ﬁgure 3 where the
parabolic ﬂow was always stabilising and the parabolic density-ﬂat ﬂow proﬁles resulted
in the most unstable mode. With a larger Δq, the parabolic density-parabolic ﬂow case
becomes the most unstable proﬁle combination. This happens since at Δq = 0.25, the
increase in sheared ﬂow leads to a more substantial increase in the poloidal beta and
enhanced Shafranov shift. This in turn results in an increase in δWBussac as seen in
equation 7, which increases the growth rate of the mode. At suﬃciently high rotation,
the absolute rotation contained in the inertia terms in equations 8 and 9 begins to
dominate and the mode is stabilised. This result emphasises how subtle changes in
the equilibrium proﬁles can lead to diﬀerent behaviour in the stability of the n = 1
mode due to the competition between the destabilising enhanced Shafranov shift and
the stabilising inertia term.
Finally, it is also evident that the sensitivity of the stability of the n = 1 kink mode
to variation in the plasma proﬁles is heightened as the inverse aspect ratio increases [39].
At very large aspect ratio, the proﬁle sensitivity is weak since the geodesic acoustic mode
stabilisation term, given by equation 5, dominates over the δ ŴRot1 term from equation
8 in the mode growth rate (equation 3). The GAM stabilisation does not depend upon
the density and ﬂow proﬁles, only the rotation at the q = 1 surface. This increased
sensitivity with increasing is evident by the wider range in the rotation at marginal
stability for the four proﬁle combinations in ﬁgure 3, where a = 0.3, than in ﬁgure 1,
where a = 0.1.
It is clearly evident from the behaviour exhibited in ﬁgures 1-5 that MHD stability
in ﬂowing tokamak plasmas is highly sensitive to the plasma proﬁles. This sensitivity is
examined in more detail in section 3.
3. Sensitivity of Kink Mode Stability to Perturbations in Plasma Proﬁles
The comparison between consistent and inconsistent ﬂow treatments in section 2 shows
that the variation in the rotation and density proﬁles signiﬁcantly aﬀects the stabilising
role of plasma ﬂow. In order to investigate the sensitivity of the mode stability to
these proﬁles, we analytically calculate the growth rate for a range of diﬀerent parabolic
proﬁles. The density proﬁle is deﬁned by
r2
ρ(r)
=1− 2 =1−
ρ(0)
rρ



a

2  2

r
a

ρ

(15)

and the rotation proﬁle is deﬁned as
r2
Ω(r)
=1− 2 =1−
Ω(0)
rΩ



a
Ω

2  2

r
a

(16)

We begin from the case with a = 0.3, a ﬂat rotation proﬁle ( Ω = ∞) and a parabolic
density proﬁle ( ρ = 0.3) which results in the most unstable plasma, as seen in ﬁgure 3.
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0.3
0.28
0.26
0.24
0.22

( a / ρ )2
1.0
1.148
1.331
1.563
1.860

ρ(r1 )/ρ(0)
0.91
0.897
0.880
0.859
0.833

8

Change in ρ(r1 )
-1.5%
-3.3%
-5.6%
-8.5%

Table 1. Table showing diﬀerent density proﬁles for a circular plasma with a = 0.3,
Ω = ∞ and r1 = 0.3a.
Ω

∞
0.6i
0.5i
0.4i
0.3i

( a / Ω )2
0
-0.25
-0.36
-0.56
-1.0

Ω(r1 )/Ω(0)
1
1.023
1.032
1.051
1.09

Change in Ω(r1 )
+2.3%
+3.2%
+5.1%
+9.0%

Table 2. Table showing diﬀerent ﬂow proﬁles for a circular plasma with a = 0.3,
ρ = 0.3 and r1 = 0.3a.

The density and rotation proﬁle parameters are varied such that the normalised density
and rotation at the q = 1 surface vary by less than 10%, as outlined in tables 1 and 2.
The resultant density and rotation proﬁles are shown in ﬁgures 6 and 7 respectively.
The unphysical inverted rotation proﬁles are chosen to demonstrate the competition
between the gradients in the density and ﬂow proﬁles, as delineated by equation 8
where δ ŴRot1 ∝ 2/ 2Ω − 1/ 2ρ . The growth rate of the n = 1 internal kink mode as
a function of toroidal velocity for each of the density proﬁles illustrated in ﬁgure 6 is
shown in ﬁgure 8. It is clear that a very small change in the density proﬁle can have
a very signiﬁcant aﬀect on the stability of the internal kink mode. Indeed, a change in
the gradient of the density at q = 1 of only a few percent can result in destabilisation of
the mode instead of stabilisation at a given toroidal rotation, or vice versa. A similar
sensitivity is exhibited with respect to the rotation proﬁle. Figure 9 shows the growth
rate of the n = 1 mode as a function of the toroidal rotation at the magnetic axis for the
diﬀerent ﬂow proﬁles illustrated in ﬁgure 7. Again, it is clear that a very small change
in the plasma rotation proﬁle can result in a substantial change in the mode stability.
Once more, a change in rotation of the order of one percent can result in a rotationallystabilised mode becoming strongly unstable. Naturally, there is approximately double
the eﬀect if both rotation and density proﬁles vary simultaneously.
This result has signiﬁcant implications for our understanding of the eﬀect of rotation
on the n = 1 internal kink mode in tokamak plasmas. Whilst there is a predilection
towards the assumption that sheared toroidal ﬂows will stabilise the mode, these
results show that this is highly sensitive to the exact rotation and density proﬁles.
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Furthermore, under certain conditions, the toroidal rotation can result in an enhanced
destabilisation of the mode. Another consequence of these ﬁndings is an increase
in the uncertainty of modelling stability in experimental ﬂowing plasmas. A small
error bar in the measurement of the rotation proﬁle or density proﬁle can result in
misleading stability predictions. For instance, for a given rotation amplitude (in this
case v0 = 0.03vA ), the rotation leads to an increase in mode stability relative to the
static case for ρ = 0.28, whereas the ﬂow destabilises the mode relative to the static case
when ρ = 0.3. To this extent, ﬁgures 8 and 9 indicate that an uncertainty of only ∼ 1%
can diﬀerentiate between stabilisation or destabilisation relative to the static growth
rate, whereas typically the error associated with charge exchange measurements of the
toroidal rotation and Thomson scattering measurements of the electron density can be
∼ 10% or larger. Consequently, when performing stability analyses for experimental
plasmas it is important to consider the ramiﬁcation of variations in the plasma proﬁles
for kink mode stability.
Of course, there are limitations to using a large aspect-ratio approximation.
However, the excellent agreement between the analytic theory and full toroidal geometry
numerical simulations shown in section 2 suggests that the salient features of these
analytical predictions will be present in numerical simulations too. Small variations in
real tokamak plasma proﬁles are investigated numerically in section 4.
4. Kink Mode Stability in MAST plasmas
The toroidal velocity in spherical tokamaks such as MAST can be very large, regularly
approaching the ion sound speed, M = 1. Previous studies concluded that at typical
MAST rotation speeds, the n = 1 internal kink mode is strongly stabilised [21, 54]. The
linear MHD stability analyses in references [21, 54] employ an inconsistent treatment
of the equilibrium ﬂow. The results in section 2 suggest that this may lead to
substantial inaccuracies for certain plasma proﬁles. In order to assess whether the
previous conclusion – that is to say that the sawtooth behaviour in MAST can be
explained by the toroidal rotation arising from neutral beam injection – is valid, we have
analysed the stability of the n = 1 kink mode for the NBI-heated discharges discussed
in reference [21]. For example, MAST discharge 13035 is heated with co-injected
neutral beams of 1.82MW and has Ip = 730kA, BT = 0.408T, n̄e = 2.8 × 1019 m−3
the safety factor at the magnetic axis predicted by the Efit code [55] is q0 = 0.81
and the maximum rotation speed was vφ ≈ 230km/s, corresponding to v0 /vA = 0.19.
The equilibrium is reconstructed by using the Efit prediction for the current density
proﬁle and the pressure proﬁle derived from the Thomson Scattering diagnostic, which
provides proﬁles for the electron density and temperature. These proﬁles can be found
in reference [21]. The soft X-ray diagnostic has been used to ﬁnd the inversion radius of
the sawtooth oscillations, and hence ascertain an estimate for the location of the q = 1
surface. The pressure and current proﬁles, together with the ﬁxed boundary shape of
the last closed ﬂux surface, are supplied to the Helena code [51], which produces the
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equilibrium employed by Mishka-F [34]. The free-boundary equilibrium generated by
the Diva code [45] is generated by supplying the positions and currents of the poloidal
ﬁeld coils together with the plasma β and position of the magnetic axis.
Figure 10 shows the growth rate of the n = 1 internal kink mode with respect to the
toroidal plasma rotation for MAST shot 13035 when both the inconsistent treatment
with Mishka-F and the consistent Castor-Flow analysis have been employed. It
is evident that for the rotation and density proﬁles in this discharge, and the tight
aspect-ratio of the spherical tokamak, the diﬀerence in the point of marginal stability
is ∼ 10%. Stability analysis of other MAST sawtoothing discharges reveals that this
is often the case, and indeed, in all the shots analysed in reference [21], the point
of marginal stability never diﬀers by more than 20%. Furthermore, in all cases, the
inconsistent treatment overestimates the toroidal rotation required to fully stabilise the
mode, so the stability boundaries in previous studies provide an upper bound for the
eﬀect of rotation. Consequently, the conclusion that the diﬀerent sawtooth behaviour
exhibited in similar co- and counter-NBI heated MAST plasmas could be attributed to
the direction and proﬁle of the toroidal velocity is valid.
However, as discussed in section 3, the stability of the n = 1 kink mode, and
particularly the diﬀerence arising between consistent and inconsistent treatment of
the equilibrium ﬂow, is eminently sensitive to the plasma proﬁles. As such, there
are many MAST discharges where predictions for the point of marginal stability are
highly dependent upon correct treatment of the equilibrium rotation. For instance,
stability analyses have been performed for shot 18376, an H-mode sawtoothing discharge,
quite typical of connected double null MAST plasmas. MAST discharge 18376 has
Ip = 750kA, BT = 0.4T, n̄e = 1.93 × 1019 m−3 and q0 = 0.9. The density proﬁle
measured by the Thomson scattering diagnostic and the rotation proﬁle found by charge
exchange recombination spectroscopy are illustrated in ﬁgures 11 and 12 respectively.
As before, the stability of the n = 1 internal kink mode in the presence of strong toroidal
rotation is modelled consistently using the Castor-Flow code and inconsistently using
Mishka-F. Figure 13 shows the mode growth rate as a function of toroidal velocity for
both equilibrium ﬂow treatments. It is evident that the rotation required to stabilise the
mode predicted by inconsistent numerical analysis is vastly greater than that predicted
by a code which includes the toroidal ﬂow in the equilibrium formulation, at least for
the plasma proﬁles in this MAST discharge. It is thus important to assess the mode
linear stability with proﬁles that are as accurate as possible, or at least to consider how
the error in proﬁle diagnosis may aﬀect the stability calculations. In general (at least
for small Δq), a decreasing plasma density with minor radius is destabilising, whereas a
decreasing velocity with minor radius is stabilising. The opposite is true for proﬁles that
increase with minor radius. However, the nuances of the proﬁles and particularly their
relative gradients mean that this rule of thumb may be misleading and accentuates the
need for a full numerical analysis. That said, with a consistent treatment, the stabilising
eﬀect of coupling to the GAM induced by toroidal rotation will always dominate over
other drives at suﬃciently high rotation since equation 9 has a term proportional to Ω4 .
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Finally, it is of interest to consider whether typical variations in the density and
rotation proﬁles can lead to a substantial change in kink mode stability in MAST
plasmas. The plasma proﬁles in MAST evolve signiﬁcantly over the course of the
discharge such that the kink mode stability may be substantially altered between
diﬀerent time points. In many co-NBI heated H-mode discharges in MAST, edge density
‘ears’ form as the edge transport barrier appears in the plasma. Over a short timescale
(typically less than 100ms) the hollow density proﬁle becomes peaked in the core [56,57].
Figure 14 shows the electron density proﬁle as measured by the Thomson scattering
diagnostic in MAST discharge 21430. The q = 1 surface is near ψN = 0.4, though it
is moving outwards during the same time frame as the density proﬁle evolution. Shot
21430 is a sawtoothing H-mode plasma in lower single null conﬁguration heated with
2.79MW of NBI power, Ip = 700kA, BT = 0.4T and q0 = 0.95. As the plasma evolves
the gradient of the density at the q = 1 surface changes from positive to negative on
a very short timescale. Over the same timescale, the toroidal rotation proﬁle does not
change signiﬁcantly. Such temporal evolution of the density proﬁle results in signiﬁcant
changes in the stability of the internal kink mode. Figure 15 shows the growth rate of
the n = 1 kink mode as a function of toroidal rotation for each of the density proﬁles
illustrated in ﬁgure 14, with the ﬂow proﬁle assumed to be given by equation 16. Soon
after the transition to H-mode, when the density ears are formed, the kink mode is
most readily stabilised by toroidal rotation. As the hollow density proﬁle becomes more
peaked, the kink mode becomes more unstable, and the stabilising eﬀect of the toroidal
ﬂow is diminished. This is demonstrated by a doubling of the rotation velocity required
to marginally stabilise the mode. Whilst the static MHD drive for the n = 1 kink
instability is also increased by the peaking of the density proﬁle, the main reason for
this marked increase in the marginality threshold is the reduced rotational stabilisation
for these peaked density proﬁles.
The rotation proﬁle can also vary substantially between MAST discharges when
the NBI heating is oriented diﬀerently. The large distance between the vacuum vessel
and the plasma in MAST means that the vertical position of the plasma can be varied
by approximately half the minor radius. Consequently, the deposition position of the
NBI can be varied by moving the plasma up and down signiﬁcantly. In order to simulate
the eﬀect of moving the NBI deposition location further oﬀ-axis in MAST, the plasma
is displaced vertically, such that beam deposition moves to well outside the q = 1
surface [54]. The plasma current can also be reversed such that the toroidal current
is oriented in the opposite direction to the direction of neutral beam injection [21].
Typical rotation proﬁles in each of these circumstances, together with double null
discharges in H- and L-mode, are shown in ﬁgure 16. The proﬁles are normalised to the
velocity at the magnetic axis. The amplitude of the rotation velocity is usually larger
in counter-NBI heated plasmas than co-NBI shots, as counter-NBI results in large ﬁrstorbit losses caused by the fact that the injected ions move radially outward from the
point of ionisation. A typical counter-injected trapped ion is lost on the outboard leg
of its banana orbit, when it is moving in the co-current direction, resulting in enhanced
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angular momentum transfer to the plasma through the J × B torque [3]. The oﬀ-axis
NBI heated shots usually rotate at slower rotation velocities than typical double-null
connected discharges due to the increased neutral beam shine through when the beam
is injected into lower density plasma further from the core. In order to consider how
these diﬀerent ﬂow proﬁles aﬀect kink mode stability in generic MAST plasmas, we
have performed stability analyses with consistent treatment of the equilibrium ﬂow for
MAST discharge 20643 (an H-mode double null discharge). The pressure, current and
density proﬁles are taken from the EFIT and Thomson scattering data, as described
earlier, together with each of the plasma rotation proﬁles illustrated in ﬁgure 16. The
density proﬁle is approximately parabolic for this equilibrium reconstruction and does
not exhibit the ‘ears’ shown in ﬁgure 13. The radial location of the q = 1 surface
for the static equilibrium is indicated in ﬁgure 16 by the tick mark on the x-axis and
Δq = 0.12. The equilibrium proﬁles and the diﬀerent rotation proﬁles are, of course,
not self-consistent with respect to one another. However, this approach is not intended
to provide accurate stability boundaries, but only to demonstrate the phenomenological
eﬀect of variation in the rotation proﬁle. The growth rate of the n = 1 kink mode for
each of these ﬂow proﬁles is shown in ﬁgure 17. The rotation is measured in 17 in terms
of v(q = 1)/vA in order to demonstrate the eﬀect of the rotation proﬁle gradients at q = 1
independent of the amplitude of the rotation at the rational surface. With the broader
counter-NBI rotation proﬁle, the rotation is less stabilising and the ﬂow required to
marginally stabilise the mode is increased. The most peaked double-null conﬁguration
rotation proﬁle has the most stabilising eﬀect on the n = 1 mode. In practice, the
enhanced spin-up experienced in counter-NBI plasmas is likely to compensate the less
favourable rotation proﬁle, resulting in broadly similar rotational stabilisation with both
NBI orientations in MAST. It should be noted that an inconsistent treatment of the
equilibrium ﬂow would suggest that variation in the rotation proﬁle may not change
the rotational stabilisation as signiﬁcantly, at least in the case of a peaked density
proﬁle [21].
Despite the sensitivity of the stability of the internal kink mode to variations in
the equilibrium proﬁles, it should be noted that at suﬃciently high toroidal rotation the
stabilising GAM eﬀects will always dominate in these MAST plasmas. Consequently, the
empirical observation that rotation helps to stabilise the internal kink mode, manifest as
sawteeth in tokamak plasmas, is well founded. However, the eﬀect of the rotation proﬁle
is potentially of signiﬁcance in experiments heated with balanced neutral beam injection.
For instance, the DIII-D tokamak has one neutral beam injector permanently oriented
opposite to the plasma current in addition to three co-current beams [58]. This can give
rise to approximately null ﬂow speed across the entire plasma radius but in the presence
of ﬂow shears, such that parts of the plasma are co-rotating, and parts are counterrotating [59]. Such exotic rotation proﬁles may give rise to rotational destabilisation of
the internal kink mode when the ﬂow proﬁle has a positive gradient at the q = 1 surface
but the GAM damping term in equation 9 are negligible. However, in the case of DIII-D
the fast ions arising from neutral beam injection are likely to dominate the stability of
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the n = 1 kink mode, as discussed further in section 5.
5. Discussion and Conclusions
The fast toroidal plasma rotation achieved in modern-day tokamaks predominantly
arises from neutral beam injection heating. When neutral beams are injected
tangentially into the plasma, the momentum of the beam particles is deposited in the
plasma causing it to rotate. However, as well as imparting momentum to the bulk
plasma, neutral beam injection also results in a population of energetic particles. It has
been found that the introduction of a high-energy collisionless population of minority
ions can strongly inﬂuence the stability of the n = 1 internal kink mode [60–63]. In
large conventional aspect-ratio tokamaks such as JET, the toroidal rotation driven by
< 0.1vA ). At such low rotation speeds, the
the neutral beams is low (typically vφJET (0) ∼
ﬂow eﬀect on the n = 1 internal kink mode is dominated by the (de)stabilisation of the
beam energetic ion population [64, 65]. In smaller conventional tokamaks, where the
fast ion pressure is smaller due to reduced NBI power, but the lower plasma volume
< 0.2vA ), the rotational eﬀects are
results in faster rotation (typically vφDIII−D,AU G (0) ∼
a similar order of magnitude as the eﬀects of the fast ions. Indeed, a combination of
drift kinetic modelling to assess the change in the potential energy of the mode due
to the fast ions, and an MHD stability analysis including toroidal ﬂows, has shown
that a competition between these two stabilising mechanisms can occur in ASDEX
Upgrade [23] and TEXTOR [22] plasmas, manifest in the experimental behaviour of
the sawtooth oscillations. In spherical tokamaks the high beam power per unit volume,
low moment of inertia of the plasma and the low toroidal ﬁeld mean that the toroidal
plasma rotation can approach the Alfvén speed. In the presence of such fast toroidal
rotation, the stability of the n = 1 kink mode is often dominated by the strong toroidal
ﬂows [21, 26]. However, since the eﬀect of the energetic ions is highly dependent upon
gradients in the fast ion distribution function and local ﬁnite orbit width eﬀects [66,67],
the fast ion population can be tailored in such a way that the energetic population
could still have a signiﬁcant eﬀect on kink mode stability, even in strongly rotating
plasmas. In ITER the toroidal rotation is expected to be small. In an ITER discharge
with βN = 2.6, empirical scaling laws have been used to predict that the intrinsic
plasma rotation (ie not driven by NBI) could be V /VA = 0.02 [27]. Predictive transport
simulations suggest that toroidal rotation in ITER plasmas with PN BI = 30MW may
be in the range V /VA = 0.05 − 0.3 depending on the model employed for the momentum
diﬀusivity [68]. Even if the toroidal rotation can approach a third of the Alfvén speed,
it is still likely that the stability of the n = 1 kink mode will be determined by the fast
ion population. The fusion-born α particles have been predicted to be very strongly
stabilising in ITER, which is likely to produce long-period sawteeth [65, 69, 70].
Despite the signiﬁcant eﬀect of energetic particles, in strongly rotating tokamak
plasmas, the eﬀect of toroidal rotation must be considered. This work has emphasised
that in order to make a thorough assessment of MHD stability in ﬂowing plasmas,
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consideration must be given to variations in the plasma density and rotation proﬁles.
The stability of the internal kink mode is highly sensitive to these proﬁles, and small
perturbations in either density or toroidal ﬂow can result in a rotationally-stabilised
mode being destabilised, and vice versa. Furthermore, the sensitivity of the mode to
plasma proﬁles is also aﬀected by the treatment of the centrifugal eﬀects on the plasma
equilibrium. Inconsistent treatment of the equilibrium ﬂow can lead to misleading
interpretation of the eﬀect of toroidal rotation for some sets of plasma proﬁles. In
the MAST plasmas analysed here, an inconsistent treatment of the equilibrium ﬂow
always leads to an over-estimate of the toroidal rotation required to marginally stabilise
the n = 1 kink mode. Consequently, inconsistent stability analyses typically provide an
‘upper bound’ for the rotation required to stabilise the mode.
Finally, the extreme sensitivity of the eﬀect of rotation to the plasma proﬁles has
implications for the analysis of experimental data. It is important to consider how
variations within the error bars of the measured proﬁles could impact upon the mode
stability. The error on plasma diagnostics is often greater than 10%, whereas a variation
of only a few percent can be suﬃcient to reverse the stabilising/destabilising eﬀect of
the toroidal ﬂow. Similarly, the temporal evolution of the plasma proﬁles may strongly
impact on experimental comparisons. The MAST data shown in this paper exempliﬁes
how density proﬁles can evolve signiﬁcantly – notably, how the radial gradient of the
proﬁle at the q = 1 surface can change sign – in only a fraction of a conﬁnement time.
Thus the stability of the internal kink mode will vary signiﬁcantly during the evolution
of the discharge. Such ephemeral plasma proﬁles mean that linear modelling including
toroidal ﬂows (as presented in this paper, and commonplace in numerical stability
analyses) can, at best, give qualitative assessment of experimental mode stability. It is
possible that such changes in the plasma proﬁles could drive the n = 1 internal kink
mode suﬃciently unstable to trigger a sawtooth crash, though many other dynamics,
most notably the concurrent evolution of the current proﬁle, are involved in the sawtooth
phenomenon.
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Figure 1. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for four combinations of plasma proﬁles given
by equations 13 and 14. The plasma parameters are: a = 0.1, βp = 0.3, β0 = 0.66%,
q0 = 0.938, r1 = 0.3a. The equilibrium ﬂow is treated consistently. The symbols
are from Castor-Flow stability analysis whereas the lines are predicted by analytic
theory.
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Figure 2. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for four combinations of plasma proﬁles given
by equations 13 and 14. The plasma parameters are: a = 0.1, βp = 0.3, β0 = 0.66%,
q0 = 0.938, r1 = 0.3a. The equilibrium ﬂow is treated inconsistently. The symbols are
from Mishka-F stability analysis whereas the lines are predicted by analytic theory.
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Figure 3. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for four combinations of plasma proﬁles given
by equations 13 and 14. The plasma parameters are: a = 0.3, βp = 0.3, β0 = 5.6%,
q0 = 0.938, r1 = 0.3a. The equilibrium ﬂow is treated consistently. The symbols
are from Castor-Flow stability analysis whereas the lines are predicted by analytic
theory.
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Figure 4. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for four combinations of plasma proﬁles given
by equations 13 and 14. The plasma parameters are: a = 0.3, βp = 0.3, β0 = 5.6%,
q0 = 0.938, r1 = 0.3a. The equilibrium ﬂow is treated inconsistently. The symbols are
from Mishka-F stability analysis whereas the lines are predicted by analytic theory.
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Figure 5. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for four combinations of plasma proﬁles given
by equations 13 and 14. The plasma parameters are: a = 0.3, βp = 0.3, β0 = 5.6%,
q0 = 0.75, r1 = 0.3a. The equilibrium ﬂow is treated consistently. The symbols
are from Castor-Flow stability analysis whereas the lines are predicted by analytic
theory.
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Figure 6. The density proﬁles given by the parameters in table 1 applied to equation
15.

Internal Kink Mode Stability and Proﬁle Variation in Rotating Plasmas

20

2
εΩ = infinity, i0.6, i0.5, i0.4, i0.3

Ω(r)/Ω(0)

1.5

1

0.5

0

0

0.2

0.4

r/a

0.6

0.8

1

Figure 7. The rotation proﬁles given by the parameters in table 2 applied to equation
16.
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Figure 8. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for the diﬀerent density proﬁles given by the
parameters in table 1 and illustrated in ﬁgure 6. The plasma parameters are: a = 0.3,
βp = 0.3, β0 = 5.6%, q0 = 0.938, r1 = 0.3a. The solid line represents the numerical
calculation for the growth rate with a consistent treatment of the equilibrium ﬂow.
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Figure 9. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation at the magnetic axis for the diﬀerent rotation proﬁles given by the
parameters in table 2 and illustrated in ﬁgure 7. The plasma parameters are: a = 0.3,
βp = 0.3, β0 = 5.6%, q0 = 0.938, r1 = 0.3a. The solid line represents the numerical
calculation for the growth rate with a consistent treatment of the equilibrium ﬂow.

Figure 10. The growth rate of the n = 1 internal kink mode with respect to the
toroidal rotation velocity at the q = 1 surface for sawtoothing MAST discharge
13035 [21] analysed with a self-consistent rotating equilibrium and an inconsistent
static equilibrium.
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Figure 11. The density proﬁle for MAST discharge 18376.

Figure 12. The rotation proﬁle for MAST discharge 18376.
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Figure 13. The growth rate of the n = 1 internal kink mode with respect to
the toroidal rotation velocity at the q = 1 surface for sawtoothing MAST discharge
18376 analysed with a self-consistent rotating equilibrium and an inconsistent static
equilibrium.

Figure 14. The density proﬁle in MAST shot 21430 at various times during the
discharge evolution.
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Figure 15. The growth rate of the n = 1 internal kink mode calculated using the
consistent treatment of the equilibrium ﬂow for the diﬀerent density proﬁles during
the evolution of MAST shot 21430, as illustrated in ﬁgure 14.

Figure 16. The rotation proﬁle in typical MAST discharges with oﬀ-axis neutral
beam injection (20604), counter-NBI (13541), on=-axis NBI in H-mode (20643) and
L-mode (20698). The position of the q = 1 surface in shot 20643 (as used in the
stability analysis shown in ﬁgure 17) is given by the tick mark.
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Figure 17. The growth rate of the n = 1 internal kink mode in MAST discharge
20643 calculated using the consistent treatment of the equilibrium ﬂow for the diﬀerent
rotation proﬁles illustrated in ﬁgure 16.

