Direct prediction of nonlinear tearing mode saturation using a variational principle
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It is shown that the variational principle of multi-region relaxed magnetohydrodynamics
(MRxMHD) can be used to predict the stability and nonlinear saturation of tearing modes in
strong guide field configurations without resolving the dynamics and without explicit dependence
on the plasma resistivity. While the magnetic helicity is not a good invariant for tearing modes, we
show that the saturated tearing mode can be obtained as an MRxMHD state of a priori unknown
helicity by appropriately constraining the current profile. The predicted saturated island width in
a tearing-unstable force-free slab equilibrium is shown to reproduce the theoretical scaling at small
values of ∆0 and the scaling obtained from resistive MHD simulations at large ∆0 .

Magnetic reconnection is a ubiquitous phenomenon in
the Universe that exhibits fast conversion of tremendous
amounts of magnetic energy into kinetic energy. It is observed in solar eruptive flares [1, 2] and in the interaction
between the solar wind and the Earth’s magnetic field [3].
Magnetic reconnection has an immediate practical importance. In magnetic fusion devices, reconnection drives
fast relaxation processes, such as sawtooth-like temperature crashes in tokamaks [4], reversed field pinches [5],
and stellarators [6], as well as other typically slower relaxation processes, such as neoclassical tearing modes in
tokamaks [7], which degrade plasma confinement, slow
plasma rotation, and can trigger plasma disruptions.
In the presence of a strong guide field (e.g., the toroidal
field in tokamaks), reconnection often occurs via the tearing mode instability. Within resistive magnetohydrodynamics (MHD), tearing modes appear when a certain
parameter, ∆0 , which depends on the equilibrium profiles, exceeds a critical value, ∆c , which is zero except for
toroidal effects [8, 9]. A magnetic island then grows with
a time scale between the ideal (Alfvén) time scale τA and
the resistive (diffusion) time scale τη [10]. In tokamaks,
nonlinear saturation of the tearing mode is typically observed, and the corresponding saturated island width,
wsat , is a critical parameter for machine operation [7].
Numerical simulations of the growth and saturation of
resistive tearing modes in realistic parameter regimes are
expensive, primarily because of the very large Lundquist
number, S = τη /τA  1, which imposes resolving very
disparate time scales [11]. For example, the ITER tokamak [12] can easily reach S ∼ 109 in the core.
There are three crucial observations to make: (1) while
the linear growth rate of the tearing mode always depends on resistivity, e.g. γ ∼ η 3/5 in a cylinder [8],
the instability parameter ∆0 does not, and the instability
threshold is ∆c = 0 except for toroidal corrections [9]; (2)
while the nonlinear growth rate of the island depends on
resistivity [13], the value of wsat does not [14]; and (3) the

∗ Electronic

address: joaquim.loizu@epfl.ch

very fact that a saturated state can be reached proves the
existence of a nearby, generally three-dimensional MHD
equilibrium. These observations raise the question: is
there a variational principle that would allow direct calculation of the saturated tearing modes, without resolving the complex, resistivity-dependent dynamics? In this
letter, we provide compelling analytical and numerical
evidence that this is possible. This opens the possibility
of performing much simpler numerical calculations, but
most importantly provides deep insight into the fundamental physical mechanisms that underpin tearing mode
formation and saturation, leading to new general understanding of magnetic reconnection phenomena.
The theory of Taylor relaxation [15, 16], which does
not explicitly involve resistivity as a parameter, seems to
indicate that it is indeed possible to find certain globally relaxed, saturated states by minimizing the classical
MHD potential energy [17],
Z
W =
Vp



p
B2 
+
dV ,
γ − 1 2µ0

(1)

where Vp is the plasma volume, p is the plasma pressure,
and γ is the adiabatic index. Taylor relaxed states satisfy
a Beltrami equation, ∇ × B = µB, with µ being a constant. They are obtained by taking p = 0 in Eq. (1) and
extremizing W for arbitrary variations in the magnetic
field subject to the only constraints of conserved total
magnetic fluxes and conserved global magnetic helicity,
Z
K=
A · B dV ,
(2)
Vp

where A is the magnetic vector potential. In an infinitely
conducting, ideal plasma, K is an exact invariant in time,
thereby reflecting the topological implications of Alfvén’s
theorem [18]. In a plasma with finite resistivity, K is dissipated in time, but often much slower than W . In fact,
it can be argued that K is a good invariant during relaxation processes that involve small-scale magnetic fluctuations or fast reconnection time scales [16, 19]. Experiments have indeed confirmed the quasi-invariance of
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where l = 1, ...N labels the volumes, µl is a constant characterizing theTaylor
 states that is related to the parallel
current, and · l is the jump across the interface separating volumes l and l + 1.
A numerical solution to the MRxMHD equations can
be found by using the Stepped-Pressure Equilibrium
Code (SPEC), which can run in slab [24], cylindrical [25],
or toroidal geometry [26]. Provided that the boundary
geometry and the number N of relaxation volumes are
given, the solution is determined by a set of N quadruplets, {p, Ψt , Ψp , K}l=1...N . Namely, in each volume one
must provide: the pressure p, the enclosed toroidal flux
Ψt , the enclosed poloidal flux Ψp , and the enclosed magnetic helicity K. Alternatively, an equilibrium solution
can be found by replacing, in each volume, the constraint on K with a constraint on the Beltrami constant
µ = j·B/B 2 . This becomes particularly crucial if the current profile is to be constrained. In fact, while K is not a
good invariant for tearing modes, we will show that the
quasi-invariance of the current profile can be exploited
by SPEC to describe the saturated tearing equilibrium
as an MRxMHD state of a priori unknown helicity.

We start by considering a force-free, doubly periodic,
plasma current slab described by the following equilibrium magnetic field [27]: B = Bz ez + ez × ∇ψ, where z
is the guide-field direction and the flux function ψ(x) =
ψ0 / cosh2 (x) determines the “poloidal” magnetic field,
By (x) = ψ 0 (x), as well as the “toroidal” current density
jz (x) = ψ 00 (x) (Figure 1). The toroidal field, Bz , has a
“radial” dependence such as to satisfy the force-balance
condition Bz2 (x) + By2 (x) = B02 , where B0 is the magnitude of the magnetic √
field on the resonant surface (x = 0).
By setting ψ0 = 3 3/4 we have that the maximum
poloidal field is By,max = 1, and hence we can ensure
that a strong guide field is present by choosing B0  1.
This current sheet can bep
characterized by a radial
equi√
librium scale length a ≡ |jz (0)/jz00 (0)| = 1/ 8 ≈ 0.35,
and we choose a box size Lx = 2π  a. The poloidal
extent is what controls the stability of the system and
thus we choose Ly = Lz = L as control parameter.
1.5

1

1
0

jz

0.5

By

K during sawtooth oscillations in tokamaks [20] and reversed field pinches [21]. Tearing modes, however, usually go through a slow nonlinear phase [13] and hence
invariants other than K shall be sought to describe their
saturation in terms of a more general variational principle. Moreover, Taylor’s theory cannot describe saturated
states with non-trivial current profiles in strong guide
field configurations. In fact, since the current density
in a Taylor state satisfies j = µB, its spatial variation is
quite limited in systems with a magnetic field whose magnitude, B, is almost uniform. In addition, Taylor states
do not support pressure gradients, which are ubiquitous
to any relevant magnetic fusion experiment.
Over a decade ago, the theory of multi-region relaxed
MHD (MRxMHD) was proposed by Dewar et al [22, 23]
in an attempt to generalize Taylor’s relaxation theory
and allow one to explore energetically favourable reconnection events while maintaining some ability to constrain the pressure and current profiles. MRxMHD starts
with the same energy W , Eq. (1), but considers a constrained minimization with additional topological constraints. The plasma is partitioned into N nested volumes separated by N −1 ideal interfaces that are assumed
to remain magnetic surfaces during the minimization of
the energy. In each volume, the plasma undergoes Taylor
relaxation and the magnetic helicity, Eq. (2), is conserved
within the volume, along with the toroidal and poloidal
magnetic fluxes. While varying the plasma potential energy, W , the ideal interfaces are allowed to undergo geometrical deformations. The resulting MRxMHD equilibrium states satisfy

0

-1

-0.5
-2
-1
-1.5

-3
-2

0

2

-2

x

0

2

x

FIG. 1: Equilibrium radial profiles for the poloidal magnetic
field, By (x) = ψ 0 (x), and the toroidal current density, jz (x) =
ψ 00 (x). Red circles and red stairs describe the equilibrium
profiles obtained from the SPEC solution with N = 41, B0 =
10, L = 2π, Ψw = 0.1.

While this equilibrium is ideally stable [28], it is unstable to a tearing mode [29], which grows at the resonant
surface x = 0. The instability parameter for the tearing
mode is independent of resistivity and can be calculated
analytically [29],
∆0 =

2(5 − k 2 )(3 + k 2 )
√
,
k2 4 + k2

(5)

with an instability occurring for ∆0 > 0. Here k is the
poloidal wavenumber whose smallest
√ possible value is k =
2π/L. Hence ∆0 > 0 for 2π/L < 5. The condition for
instability thus becomes
p a condition for the current sheet
aspect ratio, a/L < 5/(32π 2 ) ≈ 0.126 (Figure 2).
We now describe this current sheet equilibrium and
its stability from the perspective of MRxMHD. In order
to accurately approximate the equilibrium profiles, we
construct an MRxMHD equilibrium with a large number of volumes N  1. In each volume, we provide a
quadruplet {p = 0, Ψt , Ψp , µ}l=1...N by proceeding as follows. First, we select the positions, xl , of the interfaces
defining the relaxation volumes, with x0 = −Lx /2 = −π
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FIG. 2: Solid line: ∆0 versus a/L obtained from Eq. (5) with
k = 2π/L. Dashed lines: smallest eigenvalue λ of H computed
from SPEC. Different curves are for different values of Ψw , the
smallest being Ψw = 0.01 (in blue). Here N = 121.

and xN = Lx /2 = π. In order to describe the equilibrium profiles efficiently we pack the interfaces where
the gradients are larger, namely, by selecting interfaces
with equal ψ-spacing instead of equal x-spacing. Second,
we evaluate the enclosed poloidal and toroidal fluxes, Ψp
and Ψt , in each volume by using the analytical solution
for By (x) and Bz (x). Finally, we evaluate the Beltrami
constant by performing a radial average within each volume, µ = h j · B/B 2 ix . For the special case of the
volume containing the resonant surface, x = 0, we allow for an arbitrary radial width that we parametrize by
the enclosed toroidal flux normalized to the total toroidal
flux, 0 < Ψw < 1. In other words, the size of the resonant volume is proportional to Ψw . With this procedure,
the SPEC equilibrium solution is only determined by the
number of volumes, N , and the resonant flux Ψw . Figure
1 shows an example of profiles obtained from the SPEC
solution for N = 41 and Ψw = 0.1. In the limit N → ∞
and Ψw → 0, the analytical profiles are retrieved exactly.
The stability of this MRxMHD equilibrium can be assessed by studying
the derivative
of the interfaces force


balance, fl = p + B 2 /2µ0 l , with respect to poloidal
perturbations
P in the interface geometry,
P xl [30]. Writing fl = m fl,m cos (mθ) and xl = m xl,m cos (mθ),
where θ = 2πy/L, we are interested in the matrix elements
Hij =

∂fli ,mi
∂xlj ,mj

(6)

where lq = b1 + (q − 1)/Mc and mq = q − 1 − (lq − 1)M,
for q = 1...(N − 1)M, with N the number of relaxed volumes and M the number of Fourier modes. When H is
evaluated at fixed magnetic helicity and fluxes, its eigenvalues provide information about the stability of each
eigenmode m with the corresponding eigenfunction characterized by the eigenvector {xl,m }.

The eigenvalues of H are evaluated numerically using
the SPEC code for different values of the equilibrium current sheet aspect ratio a/L. We observe that the smallest
eigenvalue, referred to as λ, corresponds to an m = 1
mode and becomes negative for sufficiently small a/L
(Figure 2). The value of a/L at which λ changes sign
depends on the choice of Ψw and, for Ψw → 0, coincides
with that at which ∆0 changes sign. Since λ < 0 implies
that the mode is unstable, we have just shown that the
MRxMHD stability boundary is in agreement with linear
tearing mode theory.
We now consider equilibria with ∆0 > 0, for which the
tearing mode is expected to develop an island until saturation is reached. An exact nonlinear saturation theory,
valid in the limit of small ∆0 , was developed independently by Escande and Ottaviani [31] and by Militello
and Porcelli [32]. In this theory, sometimes referred to as
the POEM theory [27], the saturated island width is
wsat = 2.44∆0 a2

(7)

and thus linearly increases with ∆0 (Figure 3). We can
also obtain the saturated island width at arbitrarily large
values of ∆0 by solving, e.g., the compressible, viscoresistive, MHD equations in 2D [33],
∂t ρ + ∇ · (ρv) = 0
B2
) − ∇ · (BB) + ν∇2 (ρv)
2
∂t B = ∇ × [v × B − η(j − jeq )]
(8)

∂t (ρv) + ∇ · (ρvv) = −∇(

where η and ν are the resistivity and viscosity, respectively, and jeq is the (initial) equilibrium current profile
and represents a source term in Faraday’s law that ensures the stationarity of the plasma current on resistive
time-scales. As in the POEM theory, the toroidal current
density at saturation is a flux-function,
jz = hjz,eq iψ

(9)

where h·iψ is the average over a flux-surface and ψ(x, y) is
the saturated poloidal flux function. Equation (9) implies
the quasi-invariance of the current profile, the invariance
being exact in the limit of small island width. This property will be exploited by SPEC to replace the invariance
of K with that of jz in the nonlinear calculations.
The saturated island width, wsat , obtained by solving
Eqs. (8) for different initial values of ∆0 is shown in Fig. 3.
As reported by Loureiro et al [27], the predictions of the
POEM theory are well recovered for a surprising range
of values of ∆0 a, up to about ∆0 a ≈ 2. For larger values
of ∆0 a, we also observe a curve-bending [27], with wsat
below the POEM prediction. Importantly, the results
become independent of resistivity for sufficiently small
values of η (and similarly for ν), a property that can be
anticipated by a mere rescaling of the velocity in Eqs. (8).
More precisely, a transformation v → v/η leaves only
dependencies of order η 2 and ην when considering ∂t = 0.
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FIG. 3: Saturated island width, wsat /a, as a function of ∆0 a.
Predictions shown for the POEM theory (solid line), the resistive MHD simulations solving Eqs. (8) with η = 10−2 ,
ν = 10−4 , and conducting wall boundary conditions (blue
stars), and the SPEC solution at fixed magnetic helicity (purple diamonds) and at fixed toroidal current (red circles).
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FIG. 4: Black circles: island width, w, obtained from SPEC
as a function of Ψw , for two cases: ∆0 a ≈ 1 and ∆0 a ≈ 2.
Vertical blue lines: location of the marginal point, Ψw = Ψ∗w ,
above which the SPEC equilibrium is stable. Oblique red line:
maximum allowed size of the island wmax = 2Ψw Lx = 4πΨw .
Dashed lines: saturated island width obtained from SPEC,
wsat , as given by the maximum of the achieved island size.

SPEC is run nonlinearly in order to find saturated
equilibria by starting from initially unstable equilibria,
∆0 > 0, and perturbing the geometry of the ideal interfaces, xl (θ), according to the unstable eigenmode. For
each value of ∆0 , the current sheet aspect ratio a/L is
determined (Figure 2), and a choice must be made for
Ψw . In the limit Ψw → 0, the volume available for reconnection vanishes and therefore the maximum island

width that is possibly achievable goes to zero. For increasingly large values of Ψw , the island is allowed to
grow over a larger volume, although it may well only occupy a fraction of it. However, if the value of Ψw exceeds
a certain threshold, Ψ∗w , the initial equilibrium becomes
stable and no island grows at all. This is illustrated in
Fig. 4 for two cases: one with ∆0 a ≈ 1 and one with
∆0 a ≈ 2. Obviously, for each ∆0 , the saturated island
width obtained with SPEC depends on Ψw . However,
there is a distinct point, which we identify as wsat , and
that is the maximum achieved island width, which occurs at around Ψw ≈ Ψ∗w (dashed lines in Fig. 4). We
thus apply the following procedure: for each value of ∆0 a,
a linear stability analysis is first performed with SPEC
and the value of Ψ∗w is obtained by solving λ(Ψw ) = 0.
Then, SPEC is run nonlinearly with Ψw . Ψ∗w and the
obtained value of wsat is extracted from the corresponding saturated state. It can also be easily verified that
the result does not depend much on the exact choice of
Ψw , i.e., that the corresponding value of w is around its
maximum (Figure 4).
The saturated island width, wsat , obtained from SPEC
nonlinear calculations for a wide range of ∆0 a is shown
in Fig. 3 for two types of constraints. When the magnetic helicity and poloidal flux, K and Ψp , in each volume are constrained to be exactly conserved (diamonds
in Fig. 3), the value of wsat increases with ∆0 a but
stays below the predictions of both POEM and resistive
MHD simulations. This discrepancy reflects the fact that
the magnetic helicity is not well conserved during the
slowly reconnecting tearing mode [19]. However, when
the toroidal current in each volume is constrained to be
fixed (circles in Fig. 3), the scaling of wsat with ∆0 a is well
reproduced for the entire range of ∆0 a. The constraint
on the current in SPEC is in fact an approximation of
Eq. (9) and can be achieved by following the approach
described in Ref. [34], i.e. by constraining µ to the initial value and iterating on Ψp in each volume in order to
avoid the formation of sheet currents on the interfaces,
thereby ensuring that the current profile remains smooth.
We would like to emphasize that, regardless of the applied constraint and for all ∆0 , the obtained equilibria (1)
have lower energy than the initial state, (2) satisfy the
MRxMHD equilibrium equations, and (3) correspond to
minima of the MRxMHD energy functional [26]. It is also
important to notice a limitation of our results. For sufficiently large islands, w/a  (κ⊥ /κk )1/4 , the flattening of
the temperature modifies the plasma resistivity and thus
jz (ψ) must be modified accordingly in order to balance
the constant induced electric field [35]. Here κk and κ⊥
are the parallel and perpendicular heat conductivities.
The prediction of wsat with SPEC in such regime [35]
is beyond the scope of this paper and is left for future
investigations. In general, our procedure should be able
to directly predict the saturation of tearing modes so as
long as a constraint akin to Eq. (9) is obtained from the
considered model equations.
We would like to remark that the SPEC results shown

5
in Fig. 3 are numerically converged in the sense that increasing further the Fourier resolution (here m = 4 modes
are considered) or the number of volumes (here N = 121)
does not significantly change the values of wsat . Finally,
we would like to emphasize that each resistive MHD calculation (each blue star in Fig. 3) takes about 1 CPU
hour, while each corresponding SPEC run (red circles in
Fig. 3) takes about 5 seconds.
In this letter, we have demonstrated, for the first time,
that it is possible to use an equilibrium code to directly
predict the nonlinear saturation of tearing modes, without resolving the complex resistive-dependent dynamics
and without free parameters. These saturated states
are lower energy MRxMHD equilibria of a priori unknown helicity and are obtained by exploiting the quasiinvariance of the current profile. These findings provide a
precise answer to the recent suggestion that tearing saturation occurs “when reaching some topologically constrained minimal energy state” [14]. In practice, numerical codes like SPEC or BIEST [36], which calculate MRxMHD equilibria in toroidal geometry, may be
used to quickly predict saturated island widths in toka-

maks and arbitrarily shaped stellarators. To that aim,
future investigations will start by extending these calculations to cylindrical geometry, the results of which can
be verified against generalizations of the POEM theory
to asymmetric equilibrium current profiles [37].
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