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The new two-dimensional spin-gap system SrCu2(BO3)2 shows unique physical prop-
erties because of its low-dimensionality character and of strong quantum fluctuations due
to frustration. The magnetic properties of the material, e.g. dimer singlet ground state,
an almost localized triplet and magnetization plateaus, are well described by a spin-1/2
antiferromagnetic Heisenberg model on the orthogonal dimer lattice. However, in the pres-
ence of an external magnetic field, unusual magnetic properties, which cannot be explained
by the Heisenberg model alone, have been observed in several experiments: (1) a field in-
duced staggered moment, (2) the persistence of an excitation gap at around the critical field,
and (3) a finite magnetization below the critical field. We include intra- and inter-dimer
Dzyaloshinsky-Moriya interactions and the staggered gyromagnetic tensors in the orthogo-
nal dimer Heisenberg model, and show that these unusual behaviors with the external field
in the z direction can be well described with physically reasonable values of the parameters.

§1. Introduction

In 1981, Shastry and Sutherland proposed an exact ground state for a spin-
1/2 Heisenberg model on an artificial two-dimensional lattice, the so-called Shastry-
Sutherland model.1) It seemed difficult to find a material which is a realization of
the Shastry-Sutherland model, but such a structure is actually realized as a topo-
logically equivalent orthogonal dimer structure in a new two-dimensional material
SrCu2(BO3)2.2), 3) After its discovery, much attention has been paid to SrCu2(BO3)2
and many experimental and theoretical investigations have been performed.4) These
days it is confirmed that an exact dimer singlet ground state proposed by Shastry
and Sutherland is realized in this material. Due to strong quantum fluctuations
strengthened by the special geometrical frustration of the lattice, the material shows
unique physical properties, e.g. spin gap and magnetization plateaus. Most of the
magnetic properties in this material are well explained by the spin-1/2 Heisenberg
model on an orthogonal dimer lattice.

Recently, nuclear magnetic resonance (NMR) measurements have been done in
external magnetic fields. The results at low temperatures indicate several novel
phenomena: a symmetry breaking ground state at the 1/8-plateau,5) a field induced
staggered moment, a finite magnetization below the critical field, and the persistence
of an excitation gap around the critical field.6) Although the breaking of the transla-
tional symmetry can be explained by the Heisenberg model,7) perturbative inclusion
of the effects of Dzyaloshinsky-Moriya interactions and the staggered gyromagnetic
tensors is necessary to explain the latter three features.6)

In this paper, we discuss the features of the field induced magnetic properties in
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a field along the z-direction using perturbation theory not only for Dzyaloshinsky-
Moriya interactions on dimer bonds and staggered gyromagnetic tensors, as done
in Ref. 8), but also Dzyaloshinsky-Moriya interactions between dimers.9) First, we
discuss the spin moments for the ground state. Staggered and uniform moments are
induced by the external field, but the former is much lager than the latter, which is
consistent with the experimental results. Then, the excitation gap around the critical
field Hc, where the spin gap should vanish if Dzyaloshinsky-Moriya interactions were
not present, is discussed. The behavior of the excitation gap strongly depends on
the sign of the inter-dimer Dzyaloshinsky-Moriya interactions.

§2. The orthogonal dimer model for SrCu2(BO3)2

The spin Hamiltonian for SrCu2(BO3)2 (see Fig. 1) is written as

H = J
∑
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si · sj + J ′
∑
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((ĝ1H) · s1 + (ĝ2H) · s2 + (ĝ3H) · s3 + (ĝ4H) · s4) . (2.1)

The first two terms correspond to the Shastry-Sutherland Heisenberg model. The
3rd and 4th terms represent Dzyaloshinsky-Moriya interactions on nearest-neighbor
bonds. Since there is a buckling in xy plane,10) the center of the J bonds is not an
inversion symmetry point and the components of the Dzyaloshinsky-Moriya interac-
tion shown in Fig. 1 can exist.11) Using symmetry operations, the relation Dx = −Dy

is obtained. The 5th term represents the Dzyaloshinsky-Moriya interactions on the
next-nearest-neighbor bonds.9) The direction of Dzyaloshinsky-Moriya vectors is in-
dicated in Fig. 1, where we fix the direction from i to j for a pair i, j as shown in
Fig. 1. From the symmetry of the lattice, in-plane components of Dzyaloshinsky-
Moriya vectors can also exist. However, we neglect them with the hope that they
are smaller than the z component and hardly affect the magnetic properties. The
effects of the external field are described by the 6th term. In the model, there are two
inequivalent dimers, horizontal (A-dimer) and perpendicular (B-dimer) ones. Thus
the unit cell contains four inequivalent spin sites i.e. four inequivalent gyromagnetic
tensors. The gyromagnetic tensors on each site are written as

ĝ1 =

 gx 0 gs

0 gy 0
gs 0 gz

 , ĝ2 =

 gx 0 −gs

0 gy 0
−gs 0 gz

 . (2.2)

ĝ3 =

 gy 0 0
0 gx gs

0 gs gz

 , ĝ4 =

 gy 0 0
0 gx −gs

0 −gs gz

 . (2.3)

D
ow

nloaded from
 https://academ

ic.oup.com
/ptps/article-abstract/doi/10.1143/PTPS.159.33/1871838 by U

niversite and EPFL Lausanne user on 31 July 2019



The Effects of Dzyaloshinsky-Moriya Interaction 35

1 2
3

4

1 2
D

D’

J’

J

3

4

x

y

Fig. 1. The orthogonal dimer model for SrCu2(BO3)2. The unit cell contains four inequivalent spin

sites. The direction of the possible Dzyaloshinsky-Moriya interactions is also indicated.

From electron spin resonance (ESR) experiments, the diagonal terms were estimated
to be gx = gy = 2.05 and gz = 2.28.12) The off-diagonal elements gs are staggered,
i.e. they are opposite on sites 1 and 2, resp. 3 and 4.

§3. Field induced spin moment

In the absence of Dzyaloshinsky-Moriya interactions and external field, the
ground state of the Hamiltonian (2.1) is written as the product of singlet states
on dimer bonds:

|s〉 =
∏

i

|s〉i =
∏

i

1√
2

(| ↑↓〉i − | ↓↑〉i) , (3.1)

where i denotes nearest-neighbor bonds. To clarify the effects of Dzyaloshinsky-
Moriya interactions and staggered gyromagnetic tensors, we performed a perturba-
tion calculation for the dimer singlet ground state in the limit Dy/J , D′

z/J , H/J ¿
J ′/J ¿ 1. Since most of the magnetic properties can be well described by the
Heisenberg model, it is natural to assume that Dy, D′

z are much smaller than J .
The perturbation of Dy, D′

z and gsHz mixes the singlet ground state and the triplet
excited states since the SU(2) symmetry is broken. Up to the fifth order of J ′/J ,
the triplet excitation is localized and, therefore, the effects of J ′/J are taken into
account easily, by replacing an excitation energy from singlet to triplet state with a
corrected value ∆s. The spin gap ∆s of the fifth order perturbation is written as13)
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In the presence of an external field along the z-direction H = (0, 0,Hz), the
expectation values 〈Sx

i 〉, 〈S
y
i 〉 and 〈Sz

i 〉 are calculated up to the third order in Dy/J ,
D′

z/J and Hz/J . The staggered moments are given by

〈Sx
1 〉 = −〈Sx
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3 〉 = −〈Sy

4 〉 =
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2∆s
+
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2∆s
, (3.3)
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and the uniform magnetization is written as

〈Sz
1〉 = 〈Sz

2〉 = 〈Sz
3〉 = 〈Sz

4〉 =
(Dy + 2gsHz)2gzHz

4∆3
s

. (3.4)

The other components 〈Sy
1 〉, 〈Sy

2 〉, 〈Sx
3 〉 and 〈Sx

4 〉 vanish. So, a uniform magneti-
zation appears even below the critical field Hc. However, it is tiny in small field,
since it is proportional to D2

y and g2
s . On the other hand, the staggered magnetiza-

tions are proportional to Dy and gs. Thus, the staggered moments are much larger
than the uniform magnetization. Note that the effects of the Dzyaloshinsky-Moriya
interaction D′

z are negligible.
Such a field induced staggered magnetization has been observed in SrCu2(BO3)2

in 11B NMR experiments in a field small compared to the spin gap ∆s,6) which is
qualitatively consistent with the results of the perturbation calculation. In the mag-
netization curve, a uniform magnetization has been observed in fields H & 2∆s/3,14)

in agreement with the fact that the uniform magnetization is too small as indicated
in Eq. (3.4) in small field. In fact, the field dependence of the uniform and staggered
magnetization can be quantitatively well explained by a finite size calculation using
the parameters Dy/J = 0.034 and gs = −0.023 as shown in Ref. 6).

§4. Persistence of gap at around critical field

Let us consider the behavior of the excitation gap in external fields such that
0 < (∆ − Hz)/J ¿ 1. For such fields, we can restrict ourselves to the ground state
|s〉 and the lowest excited state. In an external field along the z direction, the lowest
excited state is a state where one of the singlets is promoted to the |t1〉 triplet on a
dimer bond:

|e1(i)〉 = |t1〉i
∏
j 6=i

|s〉j . (4.1)

Using a Fourier transformation of the excited states (4.1), the lowest excited states
are written as |e1(q)〉α (α = A or B). In the state |e1(q)〉A (|e1(q)〉B), the triplet state
|t1〉i is located on A-dimers (B-dimers). Since the bandwidth of the triplet excitation
is proportional to (J ′/J)6, the lowest excited states are almost degenerate. Such a
degeneracy can be lifted by the introduction of inter-dimer Dzyaloshinsky-Moriya
interactions D′ and the lowest state and its energy are described by

|e1(0)〉+ =
1√
2

(|e1(0)〉A + i|e1(0)〉B) J − 2D′ (D′ > 0), (4.2)

|e1(0)〉− =
1√
2

(|e1(0)〉A − i|e1(0)〉B) J + 2D′ (D′ < 0), (4.3)

where the band width of the lowest excited states is proportional to D′.9) Note
that |D′|/J = 0.02 was required to explain the splitting of the lowest triplet branch
observed in neutron scattering experiments.9) Although the introduction of intra-
dimer Dzyaloshinsky-Moriya interactions D and staggered g-tensors also split the
lowest excited states, the bandwidth is proportional to D2 and g2

s , which is negligible
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compared with that produced by the inter-dimer Dzyaloshinsky-Moriya interactions
D′. Taking into account the two lowest energy states |s〉 and |e1(0)〉+ (|e1(0)〉−), the
excitation gap ∆ to 1st order perturbation in D/J , D′/J and gs is given by:

∆ =

 ∆s − 2D′
z − gzHz

D′
z

Dy
> 0,√

(∆s + 2D′
z − gzHz)

2 + (Dy + gsHz)
2 D′

z
Dy

< 0.
(4.4)

We observe that the field dependence of the excitation gap around critical field
Hc strongly depends on the sign of D′

z/Dy. For D′
z/Dy > 0, the gap vanishes at

gzH = ∆s − 2D′. On the other hand, the gap persists around the critical fields in
the case D′

z/Dy < 0. Such a difference is well explained by considering the matrix
elements caused by the Dzyaloshinsky-Moriya and staggered g-tensor terms HDM :

+〈e1|HDM |s〉 = 0, (4.5)

−〈e1|HDM |s〉 = Dy/2. (4.6)

It is obvious that, when the lowest excitation mode is |e1〉+, there is a level crossing
around the critical field. However, for the lowest excited state |e1〉−, an anticross-
ing occurs and the excitation gap can be finite even around the critical field. So,
the behavior around the critical fields strongly depends on the sign of D′

z/Dy. If
D′

z/Dy < 0, a gap opens, while if D′
z/Dy > 0, there is no gap. In ESR15) and NMR6)

experiments, the persistence of the excitation gap around the critical field has been
observed, which indicates that the condition D′

z/Dy < 0 is satisfied in SrCu2(BO3)2.
Around the critical field gzHc = ∆s + 2D′, the magnitude of the gap is estimated
to be about 3 K, using the parameter values D/J = 0.034 K, |D′|/J = 0.02 K,
J = 85 K, ∆s = 35 K, and gs = −0.023.4),6), 9) The result is consistent with the
experimental results, where the gap is estimated as ∆ ∼ 5 K.6),15) As a confirma-
tion, first-principle calculations for the Dzyaloshinsky-Moriya interactions would be
highly desired.

§5. Conclusion

In summary, the exotic field induced behaviors (field induced staggered moment,
persistence of the excitation gap, the finite magnetization below the critical field) can
be well explained including the effects of the Dzyaloshinsky-Moriya interactions and
staggered components of g-tensor in a field Hz. Although we have investigated the
case where the external field is applied in the z-direction, it is expected that unusual
field induced behaviors for an arbitrary direction of the fields can be accounted for
along the same lines.

In this paper, we have limited our analysis to the case H . Hc. However,
Dzyaloshinsky-Moriya interactions and staggered components of g-tensor may play
an important role for the magnetization even in higher fields, especially around the
plateaus. For example, the slope of the magnetization is completely different below
or above the 1/4-plateau. Such a difference may originate from the level crossing
or anticrossing based on the ground state symmetry induced by the Dzyaloshinsky-
Moriya interactions, like the gap behaviors at the critical field. In addition to that,
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just above the critical field the effects of the two-triplet bound state16)–18) should be
taken into account, too.
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