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ABSTRACT: Exact exchange is an important constituent in many state-of-the-art
approximations to the exchange-correlation (xc) functional of Kohn−Sham DFT. However,
its evaluation can be computationally intensive, which can be particularly prohibitive in DFTbased molecular dynamics (MD) simulations, often restricted to semilocal functionals. We
derive a scheme based on the formal coordinate scaling properties of the exact xc functional
that allows for a substantial reduction of the cost of the evaluation of both the exact exchange
energy and potential. We show that within a plane-wave/pseudopotential framework, excellent
accuracy is retained, while speed ups from up to ∼6 can be reached. The coordinate scaling
thus accelerates hybrid-functional-based ﬁrst-principles MD simulations by nearly one order of
magnitude.

T

he history of Kohn−Sham density functional theory (KSDFT)1,2 has been marked by the quest for increasingly
accurate approximations to the exchange-correlation (xc)
functional. Whereas a computationally tractable form for the
exact xc functional3 remains, alas, elusive, a plethora of
approximate forms have been developed and successfully
applied over the past decades.4
Known properties of the exact xc functional have served as a
valuable guide in the design of many an approximate
functional,5−7 but their use has mostly been limited to the
theoretical realm of functional development8−12 rather than
the improvement of the computational performance in
practical implementations. Here we show how the use of a
simple scaling relation13−15 can substantially lower the
computational overhead of the evaluation of exact exchange
in plane waves for isolated systems. This is achieved without
loss of accuracy, enabling studies of systems that have hitherto
been untractable.
Among the conditions an exact functional must fulﬁll, the
coordinate scaling relation9,16 for the exact exchange energy is
of particular simplicity. Figure 1 illustrates the concept of
density scaling on a hydrogen molecule. Given a (L1-normconserving) electron density scaled in the coordinates by a
constant λ
ρλ (r) = λ 3ρ(λ r)

Figure 1. Illustration of the coordinate scaling at the example of the
hydrogen molecule. Shown are a cut of the N-electron density ρ(r)
along the bonding axis as well as its 1D coordinate-scaled analogue
ρλ(r) for λ = 0.5.

This scaling relation is trivially derived from the exact
exchange functional, the familiar functional form of which is
given as the exchange energy (or Fock exchange) of the single
Slater determinant of the Nb occupied Kohn−Sham orbitals
that sum up to ρ(r) = ∑Ni b|ψi(r)|2

(1)

Ex[ρ] =

where λ > 1 contracts the density and λ < 1 stretches it out, the
exchange energy is homogeneous to degree one
Ex[ρλ ] = λEx[ρ]

∑ ∬ dr dr′
ij

ψi*(r)ψ j*(r′)ψj(r)ψi(r′)
|r − r′|

(3)

Equation 3 is the primordial ingredient in the family of hybrid
exchange-correlation functionals17 that combine a fraction of

(2)

Whereas a similar relation only gives an upper bound for the
correlation energy, in the case of the exchange functional, eq 2
imposes strict boundaries on functional forms.
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exact exchange with semilocal functional forms and that have
seen tremendous success over the last decades.18,19 The advent
of hybrid functionals extended the applicability of density
functional theory (DFT) to many chemical systems for which a
description at the generalized gradient approximation (GGA)
level was hampered by insuﬃcient accuracy, substantially
improving properties ranging from ionization potentials over
excitation energies to reaction enthalpies.19
The improved accuracy of energetics and excitation energies
obtained from hybrid functionals is of particular appeal to ﬁrstprinciples ground- and excited-state molecular dynamics (MD)
simulations. However, because of the large computational
overhead associated with the evaluation of the integral in eq 3,
applications using hybrid functionals are often limited by the
time scale that can be simulated at an achievable computational cost.20 The overhead due to the evaluation of the Fock
integral can be particularly expensive in the plane-wave/
pseudopotential framework that is frequently used for ﬁrstprinciples MD.21
Hybrid functionals are most commonly used within the
generalized Kohn−Sham (GKS) scheme,22 where the (local)
Kohn−Sham optimized eﬀective potential can be replaced by
the familiar orbital-dependent form known from Hartree−
Fock exchange. In a plane-wave basis at the Γ-point, the
gradient of the exact exchange energy with respect to every one
out of Nb orbital expansion coeﬃcients ψ̅ i(G) is then obtained
from a discrete Fourier transform - 23,24
ÉÑ
ÄÅ
ÑÑ
ÅÅ
Ñ
ÅÅ
∂Ex
= - DΔS RÅÅÅ∑ ψj(R)vij(R)ÑÑÑÑ
ÑÑ
ÅÅ
∂ψi̅ *(G)
ÑÑÖ
ÅÅÇ j
(4)

intrinsic periodicity, absence of Pulay forces and basis set
superposition eﬀects, and scaling as N log N due to the
extensive use of fast Fourier transforms in the calculation of
- ), following eqs 3, 4 and 6, practical calculations employing
hybrid functionals for a system with Nb occupied KS orbitals
require at least (3Nb)2 additional FFTs with respect to a GGA.
Although the use of blocking techniques can improve the
eﬀective scaling for large Nb on a large number of processors,24
the computational cost can remain prohibitively expensive in
the absence of specialized computational hardware that
provides multiples of thousands of threads.
This problem is exacerbated in the case of isolated systems,
which are usually required for nonperiodic systems in a full
QM or QM/MM context. To recover the ﬁrst/nearest image
interaction rather than the inﬁnitely periodic description,
which is intrinsic to a plane-wave expansion, the Poisson
equation has to be solved under appropriate boundary
conditions. A solution to this problem has, among others,
been proposed by Tuckerman and Martyna27 (TM) using an
appropriate Fourier series representation for Φ(G). This
approach requires that the simulation supercell spans twice the
range of the charge density; because the cost of an FFT scales
approximately cubically (N log N)3 with respect to the
supercell volume, this approach carries a signiﬁcant computational overhead due to large regions of the simulation supercell
where the orbitals are eﬀectively zero. For a system under the
TM decoupling scheme, we will distinguish the domain of nonnegligible electron density DρΔR within DSΔR by the superscript
ρ, and its 1D analogue reads

where we have introduced capital symbols (G,R) to denote
discrete representations of continuous functions. The domain
DSΔR of the discrete Fourier transform is the real-space mesh
points R spaced by ΔR that are contained within the entire
simulation supercell S. For notational simplicity, we have
restricted DSΔR to the 1D case

∧ (R = nΔR , nmax /4 ≤ n < 3nmax /4, n ∈ ≥ 0)}

DΔρR = {R | (l /4 ≤ R < 3l /4)
(7)
2

In combination with the (3Nb) FFTs required in the
calculation of the exact exchange energy, this can make
calculations on isolated systems prohibitively expensive for a
typical number of electronic states Nb that would still be
tractable in an inﬁnitely periodic system.
In the following, based on the extension of the coordinate
scaling relations to the Kohn−Sham orbitals,16,28 we shall
demonstrate that the exact exchange energy and potential for
isolated systems described by a plane-wave expansion of the
GKS orbitals can be straightforwardly obtained from the
coordinate-scaled quantities at a substantially lower computational cost.
The homogeneous coordinate scaling of the density by λ can
be generalized to the KS orbitals according to28

DΔS R = {R | (0 ≤ R < l) ∧ (R = nΔR , 0 ≤ n < nmax , n ∈ ≥ 0)}

(5)

where l is the edge length of the simulation supercell. A
generalization to 3D Cartesian space is straightforward. For a
given supercell, the spacing of the real-space grid ΔR and the
number of grid points nmax is deﬁned by the value of the cutoﬀ
energy in reciprocal space, Ecut. The potential vij(R) is
determined by two discrete Fourier transforms, exploiting the
fact that the Coulomb operator is diagonal in reciprocal space
vij(R) = - −D1S [Φ(G)(- DΔS R[ψi*(R)ψj(R)])]
ΔR

(6)

ψi λ(r) = λ 3/2ψi(λ r)

where Φ(G) is an appropriately deﬁned form of the Coulomb
operator in reciprocal space G that eliminates the divergence at
G = 0.25,26 Orbital pair products can therefore be conveniently
obtained in real space, whereas the associated Coulomb
potential is straightforwardly computed from the diagonal
reciprocal-space Coulomb operator. The computational cost
for the evaluation of a given pair is only determined by the
granularity of the real-space mesh; a resolution R′ halved in
every Cartesian component with respect to a reference mesh R
decreases the cost for every 3D fast Fourier transform (FFT)
by a factor of ∼8.
Whereas for ﬁrst-principles MD plane waves oﬀer many
advantages over localized, atom-centered bases (such as

(8)

where λ ensures that the norm of the N-electron density be
conserved. The corresponding Coulomb potential vλij(r) due to
a scaled orbital pair ψλi *(r)ψλj (r) expressed in terms of the
unscaled Kohn−Sham orbitals reads
3/2

vijλ(r) =

∫

dr′

ψ jλ *(r′)ψi λ(r′)
|r − r′|

=

∫

dr′

λ 3ψ j*(λ r′)ψi(λ r′)
|r − r′|
(9)

Introducing the coordinate transformation q = λr, where the
inﬁnitesimal volume element changes according to the
Jacobian of the transformation matrix, dr = λ−3 dq, one ﬁnds
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Table 1. Total Energy, HOMO−LUMO Gap ΔϵLUMO
HOMO, and Singlet Excitation Energies for the Organic Dye DMABN Obtained
from the Standard vij(r) and Its Scaled Counterpart Presented in This Work (eq 14; λ = 0.5)a
full vij(r)
scaled vij(r)
diﬀerence

Etot (a.u.)

ΔϵLUMO
HOMO (eV)

S1 (eV)

S2 (eV)

S3 (eV)

S4 (eV)

S5 (eV)

−76.689581
−76.689586
5.0 × 10−6

4.7690
4.7588
0.0002

4.410
4.408
0.002

4.465
4.504
0.039

4.752
4.753
0.001

4.992
5.080
0.088

5.080
5.140
0.060

Calculations were carried out in an orthorhombic 37.5 × 18.75 × 18.75 Å3 supercell at a plane-wave cutoﬀ of 75 Ry using the B3LYP17,30 xc
functional.
a

vijλ(λ−1q) = λ

∫

dq′

ψ j*(q′)ψi(q′)
|q − q′|

vijλ(R′) = - −D1S {Φ(G)[- DΔS R′(ψi λ *(R′)ψ jλ(R′))]}, which reΔR′

duces the energy cutoﬀ in G by a factor of 8 compared with
the one used for vij(R). On the basis of eq 11, one obtains
vij(R) from the low-resolution, scaled Coulomb potential
vλij(R′) according to

(10)

By comparing with the Coulomb potential vij(r) of an unscaled
orbital pair ψi*(r)ψj(r), it follows that the coordinate scaled
Coulomb potential and its unscaled counterpart are related
according to
vijλ(λ−1r) = λvij(r)

l λ−1v λ(λ−1R + T (λ−1)) for R ∈ D ρ
o
o
ij
D
ΔR
o
vij(R) = m
o
o
o
for R ∈ DΔS R \ DΔρR
o
n0

(11)

ψλi (r)

(14)

Whereas the Kohn−Sham
minimize Ts for a given scaled
density, no such proof exists for orbitals obtained from a GKStype potential. In GKS theory, the ψλi (r) are therefore not
necessarily the minimizing orbitals associated with ρλ(r). By
extending eqs 9−11 to the exact energy functional, it is readily
seen that any set of orbitals obtained from eq 8 obeys a relation
of the type Ex[{ψλ}] = λEx[{ψ}], independent of it coming
from the minimizing determinant of ρλ(r). Because here the
Euler−Lagrange equation is solved on the initial, unscaled
orbital space of ψi(r), the ψλi (r) of GKS theory are not
constrained to be the minimizing orbitals for a given ρλ(r).
Instead, they can be deﬁned to be the set of orbitals that fulﬁll
eq 2, which allows for the same scaling relations to be applied
to both GKS and KS orbitals. Ts itself is always calculated using
the original, unscaled orbitals.
We now seek to lower the resolution of the real-space grid R
for the discrete Fourier transforms in eq 6 without loss of
accuracy. This is possible by exploiting the considerable
volume in the supercell where the density is zero, which is
imposed by the necessity for a decoupling of the Poisson
equation.
We set λ = 0.5 and deﬁne the set of stretched, coordinatescaled Kohn−Sham orbitals
ψi λ(R′) = λ 3/2ψi(λ R′ + TD(λ))

−1

where TD(λ ) again ensures proper centring of vij(R) within
the periodic supercell. After multiplication by ψj(R), vij(R) can
be used to update the expansion coeﬃcients ψ̅ i(G) via eq 4
from the full vij(R), which is again deﬁned for all points of DSΔR.
We have implemented this approach in the CPMD code.29
Table 1 compares total energy, HOMO−LUMO gaps, and
the ﬁrst ﬁve excited states obtained from the standard vij(r) to
those obtained from eq 14 illustrated by the example of the
organic dye DMABN. Total energies between the approaches
diﬀer by only 0.3 × 10−4 kcal/mol. The forces on the atoms
span a range from 10−2 to 10−5 a.u. and diﬀer at maximum by
1%. However, 80% of the deviations are <0.1%. The HOMO−
LUMO gap is identical within 2 × 10−4 eV, and good accuracy
is retained in the excitation energies for the ﬁrst ﬁve singlet
states, where the maximum deviation is observed for the S4
state. Still, the diﬀerence between the approaches is <0.1 eV,
that is, <2%. The diﬀerences are not sensitive to changes in the
geometry that are smaller than the grid spacing (cf. Supporting
Information).
Practically, the performance of the algorithm described here
is limited not only by the last Fourier transform in eq 4, which
is carried out on the full reference mesh, but also by
interprocessor communication in a distributed memory
framework. Table 2 compares execution times for the
calculation of the ﬁrst ﬁve excited states of both DMABN
and a DMABN trimer illustrated by the example of the three
diﬀerent routines in which the exact exchange contribution has
to be calculated: ODIIS31 wave function optimization to obtain
the occupied (but nondiagonal) ground-state KS orbitals, the
Davidson diagonalization that yields the canonical (occupied
and nonoccupied) KS orbitals, and the ﬁnal Davidson
diagonalization of the TD-DFT matrix. In the CPMD code,
the fast index of the 3D real-space mesh, x, is distributed over
MPI tasks.24 To resolve load-balancing issues, a second
parallelization layer is available, where electronic states are
distributed over processor groups. All timings are given for the
most eﬃcient parallel setup (x planes versus bands) for a given
number of CPU cores, such that they are representative of
practical applications.
For a single DMABN molecule (Nb = 28), an average step of
DIIS optimization is sped up by a factor of about η = 2.5,
whereas the calculation of the orbital eigenvalues (diagonaliza-

(12)

1

where the translation TD(λ) = 2 (l − λ l) ensures that the
orbitals remain centered within the periodic supercell of length
l, thus preserving translational invariance. Because the
representation of ψi(R) is not continuous, the coordinates R′
obtained from eq 12 have to be discretized on a grid with ΔR′
= 2ΔR. Only the nonzero domain DρΔR of the unscaled orbitals
is now used in constructing ψλi (R′). The spatial extent of the
simulation supercell remains the same. The resulting
coordinate-scaled Kohn−Sham orbitals are now deﬁned on
the domain DSΔR′ containing the points of a coarser mesh R′ on
the entire supercell S. For the 1D case
DΔS R′ = {R′ | (0 ≤ R′ < l) ∧ (R′ = mΔR′,
0 ≤ m < λnmax , m ∈ ≥ 0)}

(13)

vλij(R′) is then easily obtained from eq 6 by performing two
S
discrete Fourier transforms on the domain D ΔR′
,
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Table 2. Execution Time for Optimization (ODIIS) and
Diagonalization (Davidson) of the Ground-State KS
Wavefunction as Well as the Diagonalization of the TDDFT
Matrix (LR) for Both a Monomer and a Trimer of DMABN
(28 and 84 occupied states, respectively)a
DMABN
ODIIS
Davidson
LR
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(DMABN)3

tref (s)

tλ (s)

η

tref (s)

tλ (s)

η

3.94
13.63
85.00

1.59
3.02
25.43

2.50
4.52
3.34

34.28
110.00
976.30

7.62
22.08
170.22

4.50
4.98
5.74

Values averaged over 10 iterations are given for both the full vij(r)
(ref) and its scaled counterpart (λ) and have been used to calculate
the speed up η. Calculations were carried out in an orthorhombic 25.0
× 12.5 × 12.5 Å3 supercell at a plane-wave cutoﬀ of 75 Ry using the
B3LYP17,30 xc functional on 256 CPU cores. Optimal parallel
conﬁgurations are compared. The values for the full vij(r) were
obtained by using four CP groups and a block size of 4 in the
calculation of the exact exchange. The calculations using the scaled
vij(r) were carried out using four CP groups and a block size of 14.
For details of the parallelization, see ref 24.
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